A 2-rainbow dominating function (2RDF) of a graph G is a function f : V(G) → P({1, 2}) such
Introduction
In this paper, we shall only consider graphs without multiple edges or loops or isolated vertices. Let G be a graph, S ⊆ V(G), v ∈ V(G), the open neighborhood of v in S is denoted by N S (v). That is to say N S (v) = {u|uv ∈ E(G), u ∈ S}. The closed neighborhood N S [v] A leaf of G is a vertex with degree one in G and a vertex that has a leaf neighbor is called a support vertex. The set of leaf neighbors of a vertex v is denoted by L(v). A strong support vertex is a support vertex adjacent to at least two leaves. An end support vertex is a support vertex whose all neighbors with exception at most one are leaves. We denote by P n the path on n vertices. A pendant path P of a graph G is an induced path such that one of end points has degree one in G, and its other end point is the only vertex of P adjacent to some vertex in G − P. The distance d G (u, v) between two vertices u and v in a connected graph G is the length of a shortest uv-path in G. The diameter of a graph G, denoted by diam(G), is the greatest distance between two vertices of G. A double star is a tree with exactly two vertices that are not leaves. For a vertex v in a rooted tree T, let C(v) denotes the set ofDefinition 2.2. For a tree T and v ∈ V(T), we say v has property P in T if there exists a γ r2 (T)-function f such that f (v) ∅. Define W 2 T = {v|v has property P in T}. Definition 2.3. An extended spider with t (t ≥ 2) feet is a tree obtained from star K 1,t by subdividing every edge of K 1,t twice. The center of star is called the head of spider.
In order to presenting our constructive characterization, we define a family of trees as follows. Let T be the family of trees T that can be obtained from a sequence T 1 , T 2 , · · · , T k of trees for some k ≥ 1, where T 1 is P 2 or P 3 and T = T k . If k ≥ 2, T i+1 can be obtained from T i by one of the following ten operations.
Operation O 1 : If x ∈ V(T i ) and x is a strong support vertex, then O 1 adds a vertex y and an edge xy to obtain T i+1 .
, then O 2 adds a star K 1,s (s ≥ 3) with a leaf c and an edge xc to obtain T i+1 (see Fig.  1 
(a));
Operation O 3 : If x ∈ V(T i ) and there is a pendant path xyz, then O 3 adds a pendant path xba to obtain T i+1 (see Fig. 1 
(b));
Operation O 4 : If x ∈ V(T i ) and x is adjacent to the center of a pendant star K 1,s (s ≥ 1), then O 4 adds a pendant path xcba to obtain T i+1 (see Fig. 1 (c));
Operation O 5 : If T i contains a strong support vertex z and a pendant path zyx, then O 5 adds a pendant edge xa to obtain T i+1 (see Fig. 1 (d) );
, then O 6 adds a path P 5 = abcde and an edge xd to obtain T i+1 (see Fig. 1 (e));
adds an extended spider headed at a with k ≥ 2 feet and joins x to a for obtaining T i+1 (see Fig. 1 (f));
, then O 8 adds a pendant path xdcba to obtain T i+1 (see Fig. 1 (g) ).
and x is a strong support vertex, then O 9 adds a pendant path xab to obtain T i+1 (see Fig. 1 (h) ).
Operation O 10 : If x ∈ T i is a support vertex and there is a pendant path xx 3 x 2 x 1 , then O 10 adds a pendant path xabc to obtain T i+1 (see Fig. 1 (i) ).
The proof of the first lemma is trivial.
Lemma 2.4. If T i is a tree with
Lemma 2.5. If T i is a tree with γ t (T i ) = γ r2 (T i ) and T i+1 is a tree obtained from
Proof. Let f be a γ r2 -function of T i , we can obtain a 2RDF f of T i+1 by letting
On the other hand, let S be a γ t (T i+1 )-set containing no leaves and let v be the central vertex of the star added by Operation O 2 . Then we have v, c ∈ S and clearly S − {c, v} is a subset of vertices such that each vertex w ∈ V(T i ) − {x} has a neighbor in
, we have |S − {v, c}| ≥ γ t (T i ) and so γ t (T i+1 ) ≥ γ t (T i ) + 2. Now the result follows from Observation 1.2. Lemma 2.6. If T i is a tree with γ t (T i ) = γ r2 (T i ) and T i+1 is a tree obtained from T i by Operation
Proof. By Observation 1.1, there exists a γ r2 -function f of T i such that f (z) = {1} and 2 ∈ f (x), now we can extend f to a 2RDF f of T i+1 by letting f (a) = {1} and f (b) = ∅. Hence we have γ r2 (T i+1 ) ≤ γ r2 (T i ) + 1. On the other hand, if S is a γ t (T i+1 )-set containing no leaves, then y, x, b ∈ S and it follows that S − {b} is a TDS of
Lemma 2.7. If T i is a tree with γ t (T i ) = γ r2 (T i ) and T i+1 is a tree obtained from T i by Operation O 4 , then γ t (T i+1 ) = γ r2 (T i+1 ).
Proof. By observation 1.2, it is enough to show that γ r2 (T i+1 ) ≤ γ r2 (T i ) + 2 and γ t (T i+1 ) ≥ γ t (T i ) + 2. Clearly any γ r2 (T i )-function f can be extended to a 2RDF of T i+1 by assigning {1} to a, ∅ to b and {2} to c and this implies that γ r2 (T i+1 ) ≤ γ r2 (T i )+2. Now let S be a γ t (T i+1 )-set containing no leaves. Then we have b, c, x, y ∈ S where y is the center of the star K 1,s . Then obviously S − {b, c} is a TDS of T i of size γ t (T i+1 ) − 2 and so γ t (T i+1 ) ≥ γ t (T i ) + 2. This completes the proof. Lemma 2.8. If T i is a tree with γ t (T i ) = γ r2 (T i ) and T i+1 is a tree obtained from T i by Operation
Proof. By observation 1.2, we need only to show that γ r2 (T i+1 ) ≤ γ r2 (T i ) + 1 and γ t (T i+1 ) ≥ γ t (T i ) + 1. By Observation 1.1, there exists a γ r2 (T i )-function f such that f (x) = {1}. Then the function : V(T i+1 ) → P({1, 2}) defined by (a) = {1} and (z) = f (z) for z ∈ V(T i+1 ) − {a} is a 2RDF of T i+1 of weight γ r2 (T i ) + 1 and so
Now let S be a γ t (T i+1 )-set which contains no leaf. Then we must have x, y, z ∈ S and clearly S − {x} is a TDS of T i . Therefore γ t (T i+1 ) ≥ γ t (T i ) + 1 and the proof is complete.
Lemma 2.9. If T i is a tree with
Clearly is a 2RDF of T i+1 of weight γ r2 (T i ) + 3 and hence
Now let S be a γ t (T i+1 )-set which contains no leaf. Then we have b, c, d ∈ S. It is not hard to see that S = S − {b, c, d} is a set of vertices of T i such that any vertex w x has a neighbor in S . Since
, we have |S | ≥ γ t (T i ) and this implies that γ t (T i+1 ) ≥ γ t (T i ) + 3. Now the result follows by Observation 1.2.
Lemma 2.10. If T i is a tree with
Proof. Let k ≥ 2 and T 1 be the extended spider with k feet added by Operation O 7 . Assume T 1 headed at a and its feet are a i1 a i2 a i3 with a i3 a ∈ E(T 1 ) for
We now deduce from Observation 1.2 that γ r2 (T i+1 ) = γ t (T i+1 ) and the proof is complete.
Lemma 2.11. If T i is a tree with
, so such a function exists). Assume without loss of generality that 1 ∈ f (x). Then f can be extended to a 2RDF f of T i+1 by letting f (a) = {1},
On the other hand, let S be a γ t (T i+1 )-set containing no leaves. Then we have b, c ∈ S. We claim that there exists a TDS S of G of size at most |S| such that b, c ∈ S and a, d S . If d S, then let S = S. Assume that d ∈ S. This implies that u S for each u ∈ N(x) \ {d}. Now let S = (S − {d}) ∪ {u} for some u ∈ N(x) \ {d}. Clearly S is a TDS of T i+1 of size at most |S| satisfying our claim. Then S − {b, c} is a TDS of T i of size at most Lemma 2.12. If T i is a tree with γ t (T i ) = γ r2 (T i ) and T i+1 is a tree obtained from T i by Operation O 9 , then
Proof. Let f be a γ r2 -function of T i that assigns {1, 2} to each strong support vertex. We can obtain a 2RDF f of T i+1 by letting
)-set containing no leaves. Then we must have x, a ∈ S and clearly S − {a} is a set of vertices of T i such that each vertex w ∈ V(T i ) − {x} has a neighbor in S − {a}. Since x ∈ W 1 T i , we have |S − {a}| ≥ γ t (T i ) and so γ t (T i+1 ) ≥ γ t (T i ) + 1. Now the result follows from Observation 1.2. Lemma 2.13. If T i is a tree with γ t (T i ) = γ r2 (T i ) and T i+1 is a tree obtained from T i by Operation O 10 , then
Proof. Assume S is an arbitrary γ t (T i+1 )-set containing no leaves. Then we have a, b, x 3 , x 2 , x ∈ S and clearly S − {a, b} is a TDS of T i yielding γ t (T i+1 ) ≥ γ t (T i ) + 2. On the other hand, any γ r2 (T i )-function can be extended to a 2RDF of T i+1 by assigning {1} to a, {2} to c and ∅ to b, and hence
Theorem 2.14. If T ∈ T , then γ r2 (T) = γ t (T).
Proof. Obviously, if T is P 2 or P 3 , then γ r2 (T) = γ t (T). Now assume that T ∈ T , then there exists a sequence of trees T 1 , T 2 , . . . , T k (k ≥ 1) such that T 1 is P 2 or P 3 , and if k ≥ 2, then T i+1 can be obtained recursively from T i by Operation O 1 , O 2 , . . . , O 10 for i = 1, 2, . . . , k − 1. We apply induction on the number of operations performed to construct T. It can be seen that if k = 1, the result holds. Suppose that the result holds for each tree T ∈ T which can be obtained from a sequence of operations of length k − 1 and let T = T k−1 . By the induction hypothesis, we have γ r2 (T ) = γ t (T ). Since T = T k is obtained by one of the Operations O 1 , O 2 , . . . , O 10 from T , we conclude from above Lemmas that γ r2 (T) = γ t (T). Proof. The sufficiency follows from Theorem 2.14. In order to prove the necessity we proceed by induction on n. If n = 2, 3, then the only trees T of order 2, 3 and γ r2 (T) = γ t (T) are P 2 , P 3 ∈ T . Let n ≥ 4 and let the statement holds for all trees of order less than n. Assume that T is a tree of order n with γ r2 (T) = γ t (T). If diam(T) = 2 then T is a star and T can be obtained from P 3 by applying Operation O 1 and so T ∈ T . Let diam(T) ≥ 3. By Observation 2.15, we have diam(T) ≥ 4.
Let v 1 v 2 . . . v k (k ≥ 5) be a diametral path in T such that |L v 2 | is as large as possible and root T at v k . Also suppose among paths with this property we choose a path such that |L v 3 | is as large as possible. We consider two cases. Case 1. deg(v 2 ) ≥ 3. We claim that deg(v 3 ) = 2. Assume, to the contrary, that deg(v 3 ) ≥ 3. We distinguish four subcases. Subcase 1.1. v 3 is a strong support vertex or is adjacent to a strong support vertex other than v 2 , v 4 . Let T = T − T v 2 . Then any γ t (T )-set containing no leaves contains v 3 and such a γ t (T )-set can be extended to a TDS of T by adding v 2 and so γ t (T) ≤ γ t (T ) + 1. Suppose now f is a γ r2 (T)-function. We may assume that f assigns {1, 2} to each strong support vertex. Hence the function f , restricted to T is a 2RDF and so γ r2 (T) ≥ γ r2 (T ) + 2. Thus γ t (T ) + 2 ≤ γ r2 (T ) + 2 ≤ γ r2 (T) = γ t (T) ≤ γ t (T ) + 1 which is a contradiction. Subcase 1.2. v 3 is adjacent to a support vertex of degree 2 other than v 4 . Let T = T − T v 2 . As above we have γ t (T) ≤ γ t (T ) + 1. Let f be a γ r2 (T)-function that assigns {1, 2} to each strong support vertex. By Observation 1.1, we may assume that f (v 3 ) ∅. Then the function f , restricted to T is a 2RDF and so γ r2 (T) ≥ γ r2 (T ) + 2. Now we get a contradiction as above. Subcase 1.3. deg(v 3 ) = 3 and v 3 is adjacent to a leaf u. Let T = T − T v 3 . Then any γ t (T )-set can be extended to a TDS of T by adding v 3 , v 2 and so γ t (T) ≤ γ t (T ) + 2. Let f be a γ r2 (T)-function that assigns {1, 2} to each strong support vertex.
= ∅ and the function f , restricted to T is a 2RDF of T of weight ω( f ) − 3 and so γ r2 (T) ≥ γ r2 (T ) + 3. Thus γ t (T ) + 3 ≤ γ r2 (T ) + 3 ≤ γ r2 (T) = γ t (T) ≤ γ t (T ) + 2 which is a contradiction.
Thus deg(v 3 ) = 2. Assume that T = T − T v 3 . Let f be a γ r2 (T)-function that assigns {1, 2} to each strong support vertex. Then the function : V(T ) → P({1, 2}) defined by (v 4 ) = f (v 3 ) ∪ f (v 4 ) and (z) = f (z) for z ∈ V(T )−{v 4 } is a 2RDF of T of weight ω( f )−2 and so γ r2 (T) ≥ γ r2 (T )+2. On the other hand, any γ t (T )-set can be extended to a TDS of T by adding v 3 , v 2 and so γ t (T) ≤ γ t (T ) + 2. It follows from Observation 1.3 that γ r2 (T ) = γ t (T ) and by the induction hypothesis we have T ∈ T . Now we show that v 4 ∈ W 1 T . Assume, to the contrary, that γ t (T , v 4 ) < γ t (T ). Let S ⊆ V(T ) be a set of vertices of size γ t (T , v 4 ) such that each vertex w ∈ V(T ) − {v 4 } has a neighbor in S. Then S ∪ {v 2 , v 3 } is a total dominating set of T of size less than γ t (T) which is a contradiction. Thus v 4 ∈ W 1 T and so T ∈ T since it can be obtained from T by Operation O 2 . Case 2. deg(v 2 ) = 2. By the choice of diametral path, we may assume that every end-support vertex on a diametral path has degree 2. In particular, deg(v k−1 ) = 2. We consider the following subcases.
Subcase 2.1. deg(v 3 ) ≥ 3 and there is a pendant path v 3 z 2 z 1 in T where z 2 {v 2 , v 4 }. Then deg(z 2 ) = 2 and deg(z 1 ) = 1. Let T = T − T v 2 . Clearly any γ t (T )-set containing no leaf can be extended to a TDS of T by adding v 2 and so γ t (T) ≤ γ t (T ) + 1. Applying Observation 1.1, it is easy to see that γ r2 (T) ≥ γ r2 (T ) + 1 and so γ t (T ) = γ r2 (T ) by Observation 1.3. It follows from the induction hypothesis that T ∈ T . Now since T can be obtained from T by Operation O 3 , we deduce that T ∈ T . Let T = T − T v 2 . Suppose f is a γ r2 (T)-function that assigns {1, 2} to each strong support vertex. By Observation 1.1, we may assume that f (v 1 ) = {1}. Then the function f , restricted to T is a 2RDF of T of weight at most ω( f ) − 1 and so γ r2 (T) ≥ γ r2 (T ) + 1. On the other hand, any γ t (T )-set can be extended to a TDS of T by adding v 2 and so γ t (T) ≤ γ t (T ) + 1. By Observation 1.3, we obtain γ t (T ) = γ r2 (T ). It follows from the induction hypothesis that T ∈ T . Next we show that v 3 ∈ W 1 T . Assume, to the contrary, that γ t (T , v 3 ) < γ t (T ) and let S ⊆ V(T ) be a set of vertices of T of size γ t (T , v 3 ) such that each vertex w ∈ V(T ) − {v 3 } has a neighbor in S. We note that v 3 ∈ S. Then S ∪ {v 2 } is a total dominating set of T of size less than γ t (T) which is a contradiction. Thus v 3 ∈ W 1 T and so T can be obtained from T by Operation O 9 . Therefore, T ∈ T . Subcase 2.3. deg(v 3 ) = 3 and v 3 is adjacent to a leaf u. Since deg(v k−1 ) = 2, we have diam(T) ≥ 5. We show that this case is impossible. Consider the following.
• deg(v 4 ) = 2.
Let T = T−T v 4 . Clearly, any γ t (T )-set can be extended to a TDS of T by adding v 2 , v 3 and hence
is a 2RDF of T of weight at most γ r2 (T) − 3. Therefore
which is a contradiction.
• v 4 is a strong support vertex. Let T = T − T v 3 . Clearly, any γ t (T )-set can be extended to a TDS of T by adding v 2 , v 3 and the restriction of any γ r2 (T)-function assigning {1, 2} to each strong support vertex to T , is a 2RDF of T of weight at most γ r2 (T) − 3. Therefore γ t (T) ≤ γ t (T ) + 2 and γ r2 (T) ≥ γ r2 (T ) + 3 and we get a contradiction as above.
• v 4 is adjacent to an end support vertex. Let T = T − T v 3 . It is not hard to see that γ t (T) ≤ γ t (T ) + 2 and γ r2 (T) ≥ γ r2 (T ) + 3 and this leads to a contradiction.
• v 4 has a neighbor z 3 other than v 3 , v 5 such that
It is easy to see that is a γ r2 (T)-function and the restriction of to T is a 2RDF of T of weight at most γ r2 (T) − 3. Thus γ r2 (T) ≥ γ r2 (T ) + 3 and we obtain a contradiction as above.
• deg(v 4 ) = 3 and v 4 is adjacent to a leaf w where w v 5 . Let T = T − T v 4 . Clearly any γ t (T )-set can be extended to a TDS of T by adding v 2 , v 3 , v 4 and hence
It is easy to see that is a 2RDF of T of weight at most γ r2 (T) − 4 and this implies that γ r2 (T) ≥ γ r2 (T ) + 4. This leads to a contradiction as above.
• deg(v 4 ) = 3 and there is a pendant path v 4 z 3 z 2 z 1 where z 3 v 5 .
Let T = T − T v 4 . Clearly any γ t (T )-set can be extended to a TDS of T by adding v 2 , v 3 , z 3 , z 2 and hence γ t (T) ≤ γ t (T ) + 4. Now let f be a γ r2 (T)-function. It is easy to see that z∈V(T v 3 ) | f (z)| ≥ 3 and
It is easy to see that is a 2RDF of T of weight at most γ r2 (T) − 5 and so γ r2 (T) ≥ γ r2 (T ) + 5. Again we get a contradiction.
• There are two pendant paths v 4 z 3 z 2 z 1 and v 4 y 3 y 2 y 1 where v 5 {y 3 , z 3 }.
Let
It is easy to see that is a γ r2 (T)-function and the function restricted to T is a 2RDF of T of weight at most γ r2 (T) − 3. Hence γ r2 (T) ≥ γ r2 (T ) + 3 and we get a contradiction again. and since T can be obtained from T by Operation O 8 , we obtain that T ∈ T . Subcase 2.5. v 4 is a strong support vertex. Let T = T − v 1 . Then any γ t (T )-set containing no leaves can be extended to a TDS of T by adding v 2 and so γ t (T) ≤ γ t (T ) + 1. Now we show that γ r2 (T) ≥ γ r2 (T ) + 1. Let f be a γ r2 (T)-function that assigns {1, 2} to each strong support vertex. By Observation 1.1, we may assume that f (v 1 ) = 1 and 2 ∈ f (v 3 ). Then the function : V(T ) → P({1, 2}) defined by (v 2 ) = {1}, (v 3 ) = ∅ and (z) = f (z) for z ∈ V(T ) − {v 2 , v 3 } is a 2RDF of T of weight ω( f ) − 1 and so γ r2 (T) ≥ γ r2 (T ) + 1. By Observation 1.3, γ t (T ) = γ r2 (T ) and by the induction hypothesis on T we have T ∈ T . Therefore T ∈ T , since it is obtained from T by Operation O 5 . Subcase 2.6. v 4 is adjacent to a support vertex y. Then clearly the depth of y is 1. Let T = T − T v 3 . It is not hard to see that γ t (T) = γ t (T ) + 2 and γ r2 (T) = γ r2 (T ) + 2. This yields γ r2 (T ) = γ t (T ) and hence T ∈ T . Now T can be obtained from T by Operation O 4 . Subcase 2.7. deg(v 4 ) ≥ 4 and v 4 is a support vertex. By Cases 6,7 and 4, we may assume that v 4 is adjacent to exactly one leaf, say u, and that there exists a pendant path v 4 z 3 z 2 z 1 in T where z 3 {v 3 , v 5 }. Let T = T−T v 3 . Clearly any γ t (T )-set containing no leaves can be extended to a TDS of T by adding v 2 , v 3 and so γ t (T) ≤ γ t (T ) + 2. Now we show that γ r2 (T) ≥ γ r2 (T ) + 2. Let f be a γ r2 (T)-function. By Observation 1.1, we may assume that f (v 1 ) = f (z 1 ) = {1}, 2 ∈ f (v 2 ) and 2 ∈ f (z 2 ). If f (v 4 ) ∅, then the function f , restricted to T is a 2RDF of T of weight ω( f ) − 2. Assume that f (v 4 ) = ∅. Then we may assume without loss of generality that f (u) = {1}. Again the function f , restricted to T is a 2RDF of T of weight ω( f ) − 2. Thus γ r2 (T) ≥ γ r2 (T ) + 2, and we deduce from Observation 1.3 that γ r2 (T ) = γ t (T ). By the induction hypothesis on T , we have T ∈ T . Therefore T ∈ T , since it is obtained from T by Operation O 10 . . Assume, to the contrary, that γ t (T , v 5 ) < γ t (T ). Let S ⊆ V(T ) be a set of vertices of T of size γ t (T , v 5 ) such that each vertex w ∈ V(T ) − {v 5 } has a neighbor in S. Then S ∪ {v 2 , v 3 , v 4 } is a total dominating set of T of weight less than γ t (T) which is a contradiction. Thus v 5 ∈ W 1 T and so T ∈ T , since it can be obtained from T by Operation O 6 . This completes the proof.
Considering

